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ABSTRACT

Thisreport coverstheinitial year of investigation of the normal modes of oscillation
of underground storage tanks. This work is directed toward finding a way to estimate the
properties of the waste in tanks on the Hanford Reservation with the minimal use of
instrumentation in atank.

Theoretical work, as well as laboratory-sized physica modeling was undertaken
this first year and the satisfying corroboration between the two methods has given us
confidence to go forward. The physical model results presented here are for a tank
containing a single layer of liquid wastes, while the theoretical formulation is valid for both
the single-layer and multi-layer cases. Given this solid foundation we proceed to tanks
containing multiple layers of solids.
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INTRODUCTION

The storage of hazardous wastes in underground tanks (USTs) is a common
practice. An extreme example can be found at the Hanford Facility in Washington state,
where 177 large tanks (Figure 1) have been storing hazardous radioactive and toxic wastes
for along time. 149 tanks are single-shell tanks and 28 are double-shell. 67 of the single-
shell tanks are “assumed leakers’ and for this reason the liquid contents of those tanks has
been pumped into double-walled tanks. In addition, this pumping operation has been
extended to the remaining single-shell tanks with the result that the single-shell tanks
primarily contain moist solid waste, while the double-shell tanks contain primarily liquids
with a salt cake crust.

It isimportant to know the structure of the wastes to avoid surprises during the
sampling operations, and to properly prepare for the eventual transfer of the waste
materials. It is equally important that any survey  of the contents of the tanks be done in a
cost-effective and timely manner. This research effort is directed towards that end.

OVERVIEW OF METHODS

The Hanford tanks have several risers that penetrate the roof of the tank and provide
access to the interior. In every tank one of those risers contains a liquid observation well
(LOW), while the remaining risers only provide access to the surface of the wastes.

The methods for direct sampling of the wastes are well developed at Hanford.
There are “push” devices and coring tools for retrieving samples in the solid wastes and
additional tools for obtaining samples of sludge. However, they suffer from the problem
common to all coring/sampling methods, namely that they are point measurements. While
they give agreat deal of information about a single point in the waste mass, they yield
nothing about the overall characterization of the wastes. Furthermore, the current sampling
methods can only operate directly beneath ariser, therefore no information of any type
exists in “off-riser” locations.

All of the geophysical methods applied to the earth (seismic, radar, electromagnetic
technigues. etc.) have at some time been proposed for use inside the single-shell Hanford
tanks. This tram of thought is appropriate since the materials in the single-shell tanks are
earth-like in consistency, whereas the double-shell tanks contain primarily liquids.
However. the only known use of a geophysical technique in a Hanford tank was done by
Turpening et al. ( 1995) who used the crosswell seismic method between two LOWSsin tank
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114TX. The value of this method is limited, however, because very few tanks at the
Hanford Facility have two LOWs.

Although thereis only one LOW in each tank, there are several risersthat allow
access to the wastes. Therefore, two separate strings of instrumentation could be used in a
tank if a stand-alone method of deployment could be found for, say, the seismic source. A
cone penetrometer would be one such method of deploying a source into atank even if that
tank contained solid waste materials. Currently, there is no seismic source that has been
designed for a CPT string, nor is there a CPT string designed to accept a seismic source.

The reverse is common but undesirable in this case. There are CPT strings that do
contain a seismic receiver, but this requires that the source be placed in the LOW. When
the source is activated it creates strong tube waves which complicate the already difficult
problem of imaging the contents of a tank.

USING NORMAL MODES OF VIBRATION

Free oscillations (normal modes) of the whole earth were first predicted by Lamb in
1879 and Love in 1911, but it was not until 1952 that any were observed. At that time,
investigators (e.g. Backus and Gilbert, 196 1; Gilbert and Dziewonski, 1975; Tanimoto and
Bolt, 1983) began to predict the nature of higher modes of oscillation, however the early
computers limited them to analytical solutions. Thisin turn limited them to the spherically-
symmetrical properties of the earth.

As computers became more powerful it became possible to numerically model some
of the higher-mode free oscillations that are sensitive to an aspherical earth, anisotropy in
the inner core (e.g., Woodhouse and Wong, 1986), and anisotropy in the upper mantle
(Mochizuki, 1986; Park, 1993).

Observations have also improved such that now 1500 of the roughly 2000 modes
with periods greater than 80 seconds have been identified in seismic data.

Because the M.1.T. Earth Resources Laboratory (ERL) possesses a massively
parallel computer (nCUBE with 512 nodes and 100 gigabytes of disc space), we are
transferring this academic interest in free oscillations to practical use at the Hanford
Facility.
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NORMAL MODES OF A BURIED TANK

Given the constraint of asingle LOW in each tank, it is appropriate to turn to the
use of the normal modes of tank vibration as away to estimate the nature of the wastes
contained in atank. Thisis because the normal modes can be generated by a source on the
surface outside the tank and observed by sensors (e.g., hydrophones) in the one LOW.
Furthermore, since the source is on the surface, we can use it to generate norma modesin
several tanks simultaneously thereby speeding up the survey process manyfold.
Obvioudly, one must have a string of receivers in each of the tanks when the source is
activated.

To speed up our investigation of normal modes, we are undertaking both a
theoretical effort and a solid-scale modeling effort during this first year.

Numerical Moddling

In our first year we have looked at those cases where analytical solutions are
possible. Although this means that the source is assumed to be inside a tank with the
receivers, the insight gained is valuable.

A tank is assumed to contain aliquid, although it can be a multi-layered liquid.
Therefore the acoustic wave eguation is the one that must be solved. We recognize that the
single-shell tanks contain solids and we will move forward to solid waste and the elastic
wave equation after our understanding of normal modes of a tank are established.

The parameters used in our numerical and physical modeling closely approximate
the dimensions of a single-shell tank at the Hanford Site (Figure 1).

Theory
The Acoustics of Fluid in a Cylindrical Tank
The wave equation in the fluid in terms of displacement potentia is
ViVId-d=0.
The general solution to the wave equation in cylindrical coordinate isin the form as
below,

D= Z‘J"(knr)e"“’(An cosk,z+ B, sink,z).

Accordingly, the radial and axial partial displacement U, and U,, and the pressure
distribution of the wave field will be,
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We assume that the shell of the tank may be considered as rigid boundary, while the
fluid surface can be taken as free surface. Therefore, at the boundaries, we have

U"Ir:R = 0 ’
Ullzzo =0 ,
Pl,_, =0

If we design the experiment in such away that only axially symmetric motion can
be excited. the wave field described by displacement potential will be,

O = ;z‘A,_nlo(kr',r)cos(kz.nz)

Due to boundary condition restrictions, only the characteristic standing waves can exist.
The characteristic wavenumber of the standing waves are,

kz.n =%(n+-|') ,n=0,1,2,...

_ root,[J,(x)]

k —_— (1
r.l R ,1—012

Correspondingly, the characteristic frequencies of these modes are,

W, = Vf\/ki.n + kf,l

There is alow cutoff frequency of the standing wave field, from which the height
of the fluid insde the tank can be obtained.

¢ 2r  4h
_Ve
4f

Figures 2 and 3 display purely vertical motion. these were computed in the high frequency
band shown because we will compare these with small physical models later in the report.
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Figure 2: Numerically-modeled pressure field in one-half of a small model tank at a
frequency of 1.07 kHz. The dimensions of the tank were taken to approximate the
size of the small lab-sized model used in the physical modeling experiment. This
mode represents purely vertical wave propagation in the tank. In a full-size Hanford
tank, this mode would exist at approximately 14 Hz. This mode was not seen in the
model experiments because the instrumentation used there had low sengtivity at this
frequency.
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Figure 3: Numerically-modeled pressure field in one-half of a smal modd tank a a
frequency of 3.21 kHz. This mode is also purely vertical and would scale to
approximately 43 Hz in a Hanford tank. Note that it is assumed here that the liquid
completely fills the tank, which does not occur in the Hanford tanks.



The Acoustics of Multi-Layered Fluidsin a Cylindrical Tank
When the fluid inside the tank is multi-layered, without the source term, the wave
eguation for each of the individual layersis,

VIV, -di=0, i=1,23,...,n.

Similar to the single layered fluid case, the wave field in each layer can be
represented as,

@, =J,(k,r)[A, cos(k;z) + B, sin(k,z)],

where,

=kX+k’.

2
i

In axial direction, the actual wave field will be the one that couples the individua
layers together by matching the axial boundary conditions as follows,

U, -0 =0 (rigid bottom)
P, =0 (free surface)
i z=h = i+l z=h | . .
’ ! at interface
Uz] -h = Zi" =h I ( J)

By matching the boundary condition in axial direction, a characteristic equation can
be obtained, which is shown below,
Il =0,
where c is a 2n by 2n matrix, and its elements are listed in the appendix. It is a function of
k1, k2, ..., kn. For convenience, we rewrite the above equation as,
f(k,,k;,k;,....k,) =0

In each of the layers,

2
9_2.=kf+kf, :
V: '

therefore, k2, k3, . . ., kn can be expressed as a function of ki,
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If we substitute the above expressions back to the characteristic equation, the
characteristic equation becomes only a function of kl. A set of solutions can be obtained

through numerical computation. The characteristic frequencies of the standing wave field
can be denoted as,

O n=ViJkintkl  Lm=123...
The total wave field isthe linear combination of all the modes, whichiis,
D= > > Jo(k, 0 [A, ,cos(k; ,2) + B, sin(k, ,2)].
I m

When a point source is present in the tank at the position of (ro, 0, zo) via one of the

risers at the roof of the tank, which is off-axis, the wave equation at the source layer will
be,

ViVo-d = ~-q—(98(r —1)8(z - 2,)

Ps

where q(t) is the source pressure output. We denote the Fourier transformation of the
right-hand side of the above eguation as f ,(®, r,z), which represents the source excitation.
Since the standing wave modes constitute an orthogonal as well as complete basis, we may
project the source excitation term onto the basis, and the coefficient Bl.n at each base
component reflects the fraction of energy that the source contributes to that certain mode.

fo(w.r,2) = ZZBJ Jo(k, r)cos(k, ,z),
n

_ 271, Q(w)J, (k. o )cos(k, .z, )

n RZ h
pf FJé(krlR)E

B,

Assuming the source isin the p-th layer, by substituting the source term and the
wave field expression back to the wave equation at the p-th layer. the wave field
distribution at the source layer can then be solved.

87 Jolk, ro)Jo(k, 1) Q(w)
(D - _ 0 0 r.1*0/70 r.l g —¢ k . ]
=22 PRI, —h ) Rk R @ = wf )

f.m
Therefore, the pressure distribution should be,
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Using the relations built by boundary matching in axial direction, the wave fields in other
layers can be easily obtained.

— 2 —
P, =07p,®, =~

Figures 4-9 are examples of computations using this multi-layer algorithm. here,
both radial and axial motion are seen. Again, the high frequency band was chosen to
facilitate comparison with small physical models later in the report.

Detection of Velocity Structure in a Tank
Based on the above derivation. we propose a measurement which can detect the
velocity structure of the tank fluid. The source and receiver are to be in the same layer.
Choosing the neighboring axial modes (which have zero radial components) in the
spectrum of the received signal, the axial wavenumber can be smplified as
®
k, V)
If we denote the two neighboring characteristic frequencies as w, and ®,, and the
corresponding measured acoustic pressures as P, and P, , a link between the two

measurement properties can be built by the above theory.
P, o< Q(w,)cos(k, (z—-2,))
P,, o< Q(w,;)cos(k, (z—2,))
where Q(w) is the source spectrum. and z — z,, is the known source-receiver vertical

separation. The above relations can be rewritten in terms of velocity and divide one by
another,

COS[M].
PP\ VP Q(ml )
PPz = COS[_"—mZ (\Z[— Z'O )] Q((l)z )

p

where only V_is unknown. At the region of [0, =], the above equation will have unique
solution for V,. Also the minimum pressure P is measured at a frequency , located in

between ®, and ®,. Therefore the thickness of the layer can be obtained by the following
formula

10
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Figure 4: Numerically-modeled pressure field in one-haf of a smal modd tank at a
frequency of 5.73 kHz. This mode was observed in the model tank experiments,
however the vertical variation in pressure was not observed. That occurred because
here we assumed infinite rigidity of the bottom and perfectly vertical sde walls, those
parameters were not achieved in the physical model experiments. In afull-size
Hanford tank, this mode would occur at approximately 76 Hz.
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Figure 5: Numerically-modeled pressure field in one-half of a small model tank at a
frequency of 6.48 kHz. This mode may have been seen in the physical model
experiments but at a very low amplitude.
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Figure 6: Numerically-modeled pressure field in one-half of a small model tank at a
frequency of 10.36 kHz. This mode was seen in the physical model experiments, but
again without the vertical variation in pressure. In a full-size Hanford tank, this mode
would occur at 138 Hz. Remember that here it is assumed that the tank is completely
full of liquid, which does not occur in the Hanford tanks.
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Figure 7: Numerically-modeled pressure field in one-half of a small model tank at a
frequency of 10.80 kHz. This mode was also seen in the physical model experiments
as a portion of the split peak in the spectrain Figure 11 at 9.64 kHz. In afull-size
Hanford tank, this mode would occur at a frequency of 144 Hz.
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Figure 8: Numerically-modeled pressure field in one-haf of a smal modd tank a a
frequency of 14.98 kHz. This mode was not seen in the physical model experiments.

15



Vertical distance from bottom (cm)

30

N
6]

20

15 8

10

L. ; * ] B
0 2 4 6 8 10 12 14 16
Radial distance from center (cm)

Figure 9: Numericaly-modeled pressure fidld in one-hdf of a smal modd tank a a
frequency of 15.29 kHz. This mode was seen in the physical model experiments at a
frequency of 18.8 kHz. In afull-size Hanford tank, this mode would occur at
approximately 250 Hz.

16



005(9—1(2—20)) COS(——(Z zy))
81“0 Q(mo P + ]
R* P, By 1—(—
(O]

0 0

h,—h,_

where R is the radius of the tank.

PHYSICAL MODELS

As acheck on the numerical modeling, we built small physical models of tanks and
conducted experiments in the laboratory. By scaling the frequency of the acoustic/seismic
energy used in the model experiments one can maintain the same rel ationship between
wavelength and the size of the tank as seen in the full-sized tanks. Figure 10 indicates the

dimensions of the model tanks, and the location of the source and receivers (pressure) in
the model tank.

Figure 10: Diagram of the physical model arrangement simulating a Hanford tank. The
pressure-sensitive receiver, R, was placed along the center line of the tank mode! with
the source. It is displaced to the side in this diagram for clarity.
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Thedatain ‘Figure 11 was obtained by operating the source in a continuous manner
at asingle frequency and recording the output of the receiver. The frequency of the source
is then changed by a small amount and the recording repeated. In this manner, using fine
steps in frequency, the plot in Figure 11 was generated. The norma modes of vibration of
the model. tank are seen as the strong responses at discrete frequencies.
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Figure 11: Plot of the response of a pressure transducer in the center of the tank model

gathered while the source slowly up in frequency. The amplitude of the source
output is kept constant.

Figures 12 and 13 show the response as a function of location in the tank. From
these figures one can see that the two lowest frequency modes (4.57 kHz and 9.64 kHz)
are essentially standing waves in the radial direction in the tank with no variationin
amplitude in the vertical direction. The higher modes (14.83 kHz and 20.8 kHz) are
complicated modes with both vertical and radial variationsin amplitude.
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Figure 12: Amplitude of first four normal modes of oscillation as a function of position on
avertical axis through the center of the tank. Note that the first two modes (4.57 kHz
and 9.64 kHz) have little or no variation along this vertical axis. Therefore these are
purely radial models of vibration.
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Figure 13: Radial variation in amplitude as afunction of position along aradial axis at mid-
depth in the tank. Note that the first model of oscillation (4.57 kHz) represents a
single wavelength of acoustic energy across the tank.
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Small physical models with scaled dimensions representing a Hanford tank were
made to see if the theoretically predicted modes of vibration could be seen. In al cases a
tank is assumed to be full of liquid waste with the properties of water and a source of
acoustic energy is placed in the center of the tank.

The first measurements were taken in that configuration with a pressure transducer
aso in the center of the tank. The data in Figure 12 was generated while the source
generated a continuous tone that was slowly moved up in frequency. A resonance
response .(a norma mode of vibration) of the water filled tank is clearly seen a certain-
discrete frequencies. The first four (4.57 kHz, 9.64 kHz, 14.83 kH.z, and 20.8 kHz)
normal modes have been identified on the graph.

To observe the spatial variation of pressurein atank, a transducer is placed along
the center line with the source (Figure 10) and moved from the bottom to the surface of the
water. This was done while the source remained constant at one frequency selected from
the modes noted in Figure 11. The pressure as function of depth is displayed in Figure 12
and one can see there that the first two modes (4.57 kHz and 9.64 kHz) display little
variation as afunction of depth, i.e., they appear to be purely radial modes of oscillation.
The next! two higher modes do exhibit variation as a function of depth.

Additional data was taken in the mode tank to observe the radid variation in
pressure for each of the four modes. These data are presented in Figure, 13. Here we see
that all four of the modes under study do exhibit radial variation in pressure. One can
visualize the lowest mode of oscillation as a single wavelength of energy across the tank.
The higher modes exhibit more complex radia variation in pressure and thus the total
pressure variation is not simple.

DISCUSSION

Looking at the calculated and measured normal modes together is more informative
than looking at either oneindividually. First, we notice that the very lowest modes
computed (1.07 kHz and 3.21 kHz) were not seen in the small model experiments. Thisis
aresult of the low response of the instrumentation in the model experiment in the low
frequency portion of the spectrum. However, the computed modes at 5.73 kHz,

10.36 kHz, and 14.98 kHz have been identified in the physical tank model (at 4.57 kHz,
9.64 kHz, and 14.83 kHz). This is a very good fit between theory and the physical model
given that the physical model does not have the strict parameters used in the theoretical
formulation such as perfect rigidity of the walls and bottom.
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The theoretical modes seen at 10.36 kHz and 10.80 kHz are probably those dightly
lower amplitude responses seen in the physical model at approximately 11.1 kHz. Note, in
fact, that in the spectra from the physical model, the peak at approximately 11.1 kHz isa
split peak just as the theoretical calculations suggest (i.e., 10.36 kHz and 10.80 kHz).

The numerical modeling done in this report-used dimension parameters that.
approximated the size of the small physical model tank used in the laboratory. Thus the
spectral peaks were seen in the kilohertz range. As observed above, we are encouraged by
the comparison of the theoretically-computed modes and those that were observed in the
small model of atank.

Note that the size of the model of atank is approximately |/75 the size of a Hanford
tank; Therefore, when the modes of oscillation are measured at Hanford we will find them
in the tens to hundreds Hertz range. This bodes well for such field measurements because
there are many strong vibratory seismic sources that are capable of generating long
monochromatic signals.

WORK SCHEDULED FOR YEAR TWO

The excellent fit between theory and small physical model data for a singlefluid
layer is encouraging and gives us confidence to move on to solid layers. In addition, we
will remove the source from the tank and place it on the surface, and leave the receiversin
the tank. We know that no LOW exists precisely in the center of any tank. Therefore, in
all of our theoretical and physical modeling work we will move the receivers to an off-
center location in atank.

Asin the case of the whole earth, the lack of symmetry in these cases forces us to
use other numerical methods, namely the finite difference method, for next year’s work.
Thisin turn means that we must use our massively parallel computer.

We will extend our theoretical work to include sensitivity analyses. This will give
us afeel for the sensitivity of the modal frequencies as a function of layer number and layer
parameters.
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SUMMARY

In this report, we have shown that the theoretical formulation for the normal modes
of aliquid-filled tank are understood. We have shown that these modes display both
vertical and radial variations in pressure and their complexity rises as one goes to higher
and higher modes.
Laboratory-sized physical models have given us confidence that the theoretical
work is correct.
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